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Ultracold atoms provide clues to an important many-body problem regarding the dependence of Bose-Einstein
condensation (BEC) transition temperature Tc on interactions. However, cold atoms are trapped in harmonic
potentials and theoretical evaluations of the Tc shift of trapped interacting Bose gases are challenging. While
previous predictions of the leading-order shift have been confirmed, more recent experiments exhibit higher-
order corrections beyond available mean-field theories. By implementing two large-N based theories with the
local density approximation (LDA), we extract next-order corrections of the Tc shift. The leading-order large-N
theory produces results quantitatively different from the latest experimental data. The leading-order auxiliary
field (LOAF) theory containing both normal and anomalous density fields captures the Tc shift accurately in the
weak interaction regime. However, the LOAF theory shows incompatible behavior with the LDA and forcing
the LDA leads to density discontinuities in the trap profiles. We present a phenomenological model based on the
LOAF theory, which repairs the incompatibility and provides a prediction of the Tc shift in stronger interaction
regime.
I. INTRODUCTION
Bose-Einstein condensation (BEC) occurs when low-
energy states are macroscopically occupied by bosons below
a critical temperature due to Bose-Einstein statistics, and the
advent of ultracold atoms allows detailed analyses of BEC and
its related phenomena [1–6]. The BEC transition temperature,
defined as the temperature when BEC starts to form, shifts
with self-interactions of bosons and determining the func-
tional form of the shift has been a challenge in many-body
physics. The BEC transition temperature of a homogeneous
Bose gas has been studied using various analytic and numeri-
cal methods (see Refs. [4, 6] for a review). Experimental de-
terminations of the dependence of the BEC temperature shift
on self-interactions, however, have been complicated by the
fact that ultracold atoms are usually trapped in optical or mag-
netic potentials. The trapping potential is usually of the har-
monic form and leads to an inhomogeneous density profile of
the atomic cloud. In noninteracting bosons, all particles fall to
the ground state as the temperature approaches zero but this is
no longer the case in interacting bosons since excitations out
of the condensate can be finite even at zero temperature [1–5].
In a harmonic trap, Bose-Einstein condensation starts to
form at the trap center where the density is higher. On the
other hand, repulsive interactions push particles away from
each other and broaden the density profile. Hence, the den-
sity of repulsive bosons at the trap center is lower compared
to a noninteracting system under similar conditions. Due to
the reduction of the density at the trap center, the overall ef-
fect was proposed to be a negative Tc shift as the interaction
increases [5, 7]. There have been experimental works on mea-
suring Tc of trapped interacting Bose gases. Ref. [8] mea-
sured the Tc shift by estimating the total atom number after
integrating over a cloud image and deducing the condensate
fraction using the Thomas-Fermi approximation. The critical
temperature is inferred by using a time of flight method and
the temperature is inferred by the size of the cloud after an ex-
pansion. In experiments, Tc is considered as the temperature
at which the deduced condensate fraction vanishes. The Tc
shift was estimated as δTc/T 0c = αN
1/6, where α = −0.009
with the two-body s-wave scattering length a = 5.31nm and
the harmonic-trap length aH = 1.00µm. Ref. [9] prepared
atomic clouds at different temperatures above as well as be-
low Tc and derived T and µ from a fit to the Popov model [1].
It was reported that δTc/T 0c = c
′ a
aH
N1/6, where c′ = −1.4.
Ref. [10] prepared two atomic clouds concurrently, one with
the targeted interaction and the other with a very small in-
teraction, same trapping frequency, and very similar particle
number as a reference point. The Tc shift due to interactions
was extracted by the difference of the results from the two
clouds, which eliminates finite size effects. The result was
δTc/T
0
c = b1(a/λ0) + b2(a/λ0)
2 with b1 = −3.5 ± 0.3 and
b2 = 46±5. Here λ0 is the thermal length of a noninteracting
trapped Bose gas at its critical temperature.
On the theoretical side, by using the Popov approxima-
tion with the local density approximation (LDA) [11], the Tc
shift to the first order in interaction is found to be δTc/T 0c =
−3.426(a/λ0), which agrees well with later experimental re-
sults. To capture the higher-order corrections to the Tc shift
of trapped interacting bosons, we will implement a large-N
expansion and its generalization called the leading-order aux-
iliary field (LOAF) theory, both of which are non-perturbative
in interaction and temperature, along with the local density
approximation (LDA). Here N counts the number of atomic
species and the expansion already works reasonably when
modeling ultracold bosons withN = 1 [12, 14]. The large-N
based theories, when applied to atomic Bose gases, are deriv-
able from well-defined thermodynamic free energies, show
a smooth second-order BEC transition, and are consistent
with standard perturbation theory or renormalization analy-
sis in low-temperature and weakly-interacting regimes [12–
15]. The normal state properties from the large-N expansion
also compare favorable with Monte-Carlo simulations [16].
Here we will show that while the Tc shift from the LOAF the-
ory with the LDA captures the functional form from the most
recent experimental data [10], the LOAF theory exhibits be-
havior incompatible with the LDA. The deviation from the
conventional LDA illustrates another challenge of applying
mean-field theories to trapped interacting Bose gases, and we
will discuss a phenomenological model based on the LOAF
theory allowing us to extract the functional form of the Tc
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2shift in the stronger interaction regime.
The paper is organized as follows. We first check the va-
lidity of the LDA using trapped noninteracting Bose gases in
Sec. II and show that the exact Tc as well as the first-order fi-
nite particle number correction can be reproduced in the LDA.
Sec. III summarizes the large-N expansion, the leading-order
large-N theory, and the LOAF theory. Their integrations with
the LDA are summarized in Sec. IV. The numerical results
of the trapped profiles and Tc shifts from the two theories are
presented in Sec. V and compared to the latest experimen-
tal results. In the same section, incompatible behavior of the
LOAF theory with the LDA is discussed and a phenomeno-
logical model based on the LOAF theory is presented, which
provides further theoretical predictions. Finally, Sec. VI con-
cludes our work.
II. LOCAL DENSITY APPROXIMATION
To evaluate the Tc shift of a trapped Bose gas, the full den-
sity profile needs to be constructed because the emergence of
BEC at the trap center depends on the particle density at the
center, which has to be determined from a consistent density
profile in the whole trap. While most mean-field theories are
designed for uniform quantum gases, a powerful tool called
the local density approximation (LDA) allows one to con-
struct a full density profile by slicing the system into pieces
and treating each piece as a locally uniform system [1, 5]. By
sewing all the pieces with a smooth profile of the chemical po-
tential, an approximated density profile can be obtained. The
LDA has been applied to trapped quantum gases and proved
to be a versatile treatment [3, 5, 6, 17, 18].
A. Tc of noninteracting bosons
At first look the LDA may not accurately describe finite-
temperature phenomena like the BEC transition. We begin
by checking the validity of LDA for a noninteracting trapped
Bose gas at its transition temperature. According to the Bose-
Einstein statistics, the number of bosons in excited states is
given by
NT =
∑

1
exp(β (− µ))− 1 . (1)
Here µ is the chemical potential, β = 1/(kBT ) and we set
the Boltzmann constant kB = 1. For a homogeneous nonin-
teracting Bose gas, the BEC temperature is the lowest T sat-
isfying NT /Ω = ρ with µ = 0 in the thermodynamic limit,
where ρ is the particle density, Ω is the system volume, and
0 is the single-particle ground-state energy. For a parabolic
energy dispersion k = ~2k2/(2m) with wave vector k, the
Planck constant divided by 2pi, ~, and particle mass m, it can
be shown that [19]
T 0,homoc =
(
ρ
ζ(3/2)
)2/3
2pi~2
mkB
, (2)
where the superscript 0 denotes quantities of a noninteracting
Bose gas and ζ(x) is the Riemann zeta function.
For noninteracting bosons in a harmonic trap, the energy
eigenvalues are En1,n2,n3 = ~ω (n1 + n2 + n3) + 32~ω,
where ω denotes the trap frequency. The total particle number
is [20, 21]
N =
∑
n1,n1,n3
1
exp [β~ω (n1 + n2 + n3) + β (E0 − µ)]− 1 .
(3)
T 0c is the lowest temperature when the equation is satisfied
with µ = E0 = (3/2)~ω in the thermodynamic limit, which
can be calculated analytically [7, 22]. Explicitly,
T 0c =
(
N
ζ(3)
)1/3 ~ω
kB
. (4)
One may also apply the LDA to obtain the Tc of a trapped
noninteracting Bose gas. By approximating the energy dis-
persion with a parabolic one  = E0 + ~
2k2
2m +
1
2mω
2r2 in
Eq. (1) and replacing the summation by integrals over space
and momentum, one obtains the number of bosons in the ther-
mal cloud as
NT =
(
kbT
~ω
)3
g3/2(e
(µ−E0)/kBT ), (5)
where gs(z) =
∑∞
k=1
zk
ks is the polylogarithm. We will rede-
fine µ as the chemical potential measured from the zero-point
energy of the system, so µ − E0 → µ from here on. By
expanding the series around βµ = 0 with NT = N , the lead-
ing order gives Eq. (4) and next order reproduces the leading-
order finite-size correction presented in Eq. (6). Therefore, the
validity of LDA has been established for noninteracting Bose
gases.
Higher-order correction from finite N can be found from
Eq. (3) by applying the Euler-Maclaurin formula [20, 21] or
turning the summand into a geometric series and then carrying
out the summation by expanding around β~ω = 0 resulting in
polylogarithmic functions [23–25]. Explicitly,
δT 0c
T 0c
= − ζ(2)
2(ζ(3))2/3
N−1/3 ≈ −0.73N−1/3. (6)
The correction decays withN and is present regardless of self-
interactions. In experiments those finite-size corrections are
discarded by taking the difference of the results from two sim-
ilarly prepared systems at different interaction strengths [10].
Ref. [26] derived the next order correction to the T 0c shift
due to finite N by using the LDA with an expansion of
µ/kBT . However, Ref. [27] points out an ambiguity in the
definition of the critical temperature because of finite-size ef-
fects. Thus, the next order correction from finite particle num-
ber may not provide a better pointer to the critical regime than
the first order term when compared to numerical results. Here
we will focus on systems with well-defined thermodynamic
limit and will not include corrections from finite particle num-
ber already present in the noninteracting system in our later
discussions.
3B. Interacting bosons
The shift of Tc from its noninteracting value T 0c in the pres-
ence of interactions has been a great challenge. Even for a
uniform Bose gas, it took a long time for results from various
studies to converge [4, 6, 10]. The issue has been settled more
recently and the leading-order shift is now believed to have a
form of ∆Thomoc /T
0,homo
c = cρ
1/3a, where a is the s-wave
two-body scattering length and c is a positive constant. Dif-
ferent values of c have been reported using various analytic or
numerical methods [4].
In a trapped Bose gas, a repulsive interaction flattens the
density profile and lowers the density at the trap center [5, 10].
As a consequence, the leading order of the Tc shift for a
trapped interacting Bose gas is believed to have the form
δTc
T 0c
= c′ aaHN
1/6, where c′ should be a negative number.
Here aH =
√
~
mω is the harmonic length. An early theo-
retical analysis using the Popov approximation [11] provided
an estimation of c′ by introducing an approximated disper-
sion  = ~
2k2
2m + V (r) + 2λnT (r) − µ into Eq. (1), where
V (r) = 12mω
2r2 is the harmonic trap potential, λ is the cou-
pling constant, and nT (r) is the thermal particle density at
radius r. After expanding the expression to the first order in
δTc, λ, and µ, the Tc shift to the first order due to interaction
is found to be δTcT 0c ≈ −1.33
a
aH
N1/6, which agrees well with
later experiments [10]
An estimation of the second-order Tc shift has been shown
in Ref. [28] by expanding the distribution function in powers
of the fugacity around βµ = 0, and the following expression
was obtained.
δTc
T 0c
= c1
a
λ0
+
(
c′2 ln
(
a
λ0
)
+ c′′2
)(
a
λ0
)2
, (7)
where c1 = −3.426, c′2 = −45.86, and c′′2 = −155.0. How-
ever, corrections from the logarithmic term were not reported
in later experiments [10].
Instead of assuming small interaction strength and expand-
ing around the noninteracting limit, we use a path integral for-
malism to formulate trapped interacting bosons and apply the
large-N expansion to find Tc. To handle the background har-
monic trap, we adjust the theory to fit the LDA framework.
Obtaining a full density profile in a trap is often a difficult
task if a theory can only apply to a small range of tempera-
ture close to T = 0 or T = Tc. This is because in a trap the
local temperature scale T/T 0c (r) spans a wide range. Here
T 0c (r) is the critical temperature of a noninteracting Bose gas
with the same local density. Previous works on weakly in-
teracting bosons have encountered challenges. For instance,
the Popov theory exhibits an artificial first order transition at
Tc [12, 29], and a higher-order large-N expansion used in
Ref. [30] mainly focused on a uniform system near its criti-
cal temperature.
The leading-order large-N theory and its generalization
both exhibit second order transition and is not temperature re-
strictive [12, 14]. By using the LDA, we calculate the trap
density profile and estimate Tc for trapped interacting Bose
gases. To compare atomic clouds with the same total parti-
cle number, we impose the following condition to fix the total
particle number N .
N =
∫
d3xρ(x). (8)
III. LARGE-N BASED THEORIES
A. Leading-order large-N theory
The partition function of a single component Bose gas can
be cast in an imaginary-time path-integral formalism [14, 19].
Explicitly,
Z(µ, β, j) =
∫
DφDφ∗e−S(φ,φ
∗,µ,β)+
∫
[dx](j∗φ+jφ∗). (9)
Here β = (kBT )−1, µ is the chemical potential, [dx] ≡
dτd3x, and j (or j∗) is the source of φ∗ (or φ). The action
with imaginary time τ is S (φ, φ∗, µ, β) =
∫
[dx]L (φ, φ∗, µ).
For a nonrelativistic dilute Bose gas with contact interactions,
the effective Euclidean Lagrangian density is
L= 1
2
~
(
φ∗
∂φ
∂τ
− φ∂φ
∗
∂τ
)
− 1
2
(
φ∗
~2∇2
2m
φ+ φ
~2∇2
2m
φ∗
)
−
µφ∗φ+
1
2
λ (φ∗φ)2 . (10)
Here λ is the bare coupling constant. In what follows we set
~ = 1, kB = 1, and 2m = 1. By introducing
Φ =
(
φ, φ∗
)T
, J =
(
j, j∗
)T
,
G¯−10 =
(
∂
∂τ − ∇
2
2m 0
0 − ∂∂τ − ∇
2
2m
)
, (11)
S can be written as
S =
∫
[dx]
(
1
2
Φ†G¯−10 Φ− J†Φ +
1
2
λ (φ∗φ)2 − µφ∗φ
)
.
(12)
The large-N expansion introduces N copies of the origi-
nal systems with φn, n = 1, 2, · · · ,N , rescale the coupling
constant as λ/N , and sort the Feynman diagrams by powers
of 1/N . For the single-species Bose gas studied here, we fol-
low Ref. [14] and introduce an auxiliary field α representing
(λ/N )∑n φ∗nφn via the following identity:
1=
∫
Dαδ
(
α− (λ/N )
∑
n
φ∗nφn
)
= C
∫
DαDχe
χ(α−(λ/N)∑n φ∗nφn)
λ , (13)
where C is a normalization factor and the χ integration runs
parallel to the imaginary axis [31]. After replacing
∑
n φ
∗
nφn
by αN/λ, the Gaussian integration of φn and φ∗n can be per-
formed and one obtains Z[J, Y,K] =
∫
DαDχe−Seff , where
we have introduced the sources Y and K for the auxiliary
4fields χ and α, respectively. To construct the leading-order
theory, we only include up to the leading order of 1/N in the
effective action. Higher-order corrections of the 1/N expan-
sion can be constructed following Ref. [32]. After obtaining
the leading-order Seff, we set N = 1 for single-component
bosons. Then,
Seff =
∫
[dx]
(
−1
2
J†G0J − αµ
λ
− αχ
λ
+
α2
2λ
−Kα−
Y χ) +
1
2
Tr lnG−10 , (14)
G−10 is defined as G
−1
0 ≡ G¯−10 + diag(χ, χ).
The grand potential, which is also the generator of one-
particle irreducible (1PI) graphs, can be obtained from a Leg-
endre transform of the effective action [12, 36, 37]
Γ[φc, φ
∗
c , χc, αc] =
∫
[dx]
(
J†Φc +Kαc + Y χc
)
+ Seff,
(15)
where the subscript c denotes the expectation values and will
be dropped in the following. For static homogeneous fields,
the effective potential is Veff = Γ/(βΩ). Using the relation
J =
∫
[dx]G−10 Φ we rewrite Veff in terms of the expectation
value of Φ as
Veff=
1
2
Φ†G−10 Φ−
αµ
λ
− αχ
λ
+
α
2λ
+
∑
k
(
ωk
2
+
ln
(
1− e−βωk)
β
)
, (16)
where ωk = k + χ and k = k
2
2m . The last term in Veff comes
from the trace log term, whose derivation is summarized in
Appendix A 1. For static homogeneous fields, only χφ∗φ re-
mains in the first term.
The expectation values of the fields can be found as the
minimization conditions of the effective potential. From
δVeff
δφ∗ = 0, we get χφ = 0, which imposes the broken-
symmetry (BEC) condition that when φ = 0 in the normal
phase, χ is finite and χ = 0 in the broken symmetry phase
when φ 6= 0. The condition δVeffδα = 0 fixes the relation be-
tween χ and α by
χ = α− µ. (17)
Since Veff is ultraviolet divergent, the theory needs to be renor-
malized. Ref. [14] detailed the renormalization of the leading-
order large-N theory, and a brief summary is given in Ap-
pendix A 2. The renormalized effective potential is
Veff = −α
2
2λ
+ φφ∗(α− µ) +
∑
k
ln
(
1− e−βωk)
β
. (18)
Here renormalized (physical) quantities are used. Importantly,
Veff at the minimum is −P from thermodynamics, where P is
the pressure of the system.
The equations of state can be derived from δVeff/δφ∗ = 0,
δVeff
δα = 0 and − δVeffδµ = ρ. Explicitly,
(α− µ)φ = 0,
α
λ
= φφ∗ +
∑
k
n(ωk),
α
λ
= ρ. (19)
Here n(ωk) = [e
ωk
kBT −1]−1 is the Bose distribution function.
In the normal phase, φ = 0 and ωk = k + α − µ. In the
broken symmetry phase, φ is finite, so µ = α and ωk = k.
By the U(1) symmetry of φ, we can choose φ to be real in
the broken symmetry phase and associate φ =
√
ρc with the
condensate density ρc.
B. LOAF theory
The leading-order large-N theory is a conserving theory
with a consistent thermodynamic free energy. It also shows a
second-order BEC transition. However, one major issue with
the leading-order large-N theory is its inconsistency with the
Bogoliubov theory of weakly interacting bosons at zero tem-
perature [14]. Given theoretical and experimental support of
the Bogoliubov dispersion of weakly interacting bosons near
zero temperature [4, 33], the leading-order large-N theory
needs further improvement. The main reason of the incon-
sistency is because the anomalous density representing pair-
ing correlations, A = λ〈φφ〉, is included in the Bogoliubov
theory but not in the leading-order large-N theory. By in-
cluding the normal density composite field χ =
√
2λ〈φ∗φ〉
and A, a similar large-N expansion leads to the LOAF theory
[12, 13, 32, 34], which is fully consistent with the Bogoliubov
theory in the weakly interacting regime. A brief summary of
the derivation of the LOAF theory is in Appendix A 3.
The regularized LOAF effective potential is
Veff= χ
′φ∗φ− 1
2
A∗ (φ∗)2 − Aφ
2
2
− (χ
′ + µ)2
4λ
+
AA∗
2λ
+∑
k
(
1
2
(
ωk − k − χ′ + AA
∗
2k
)
+
T ln
(
1− e−ωkT
))
, (20)
where χ′ ≡ √2χ − µ. From the minimization
conditions,− δVeffδµ = ρ and δVeffδφ = δVeffδχ′ = δVeffδA∗ = 0, we
arrive at the equations of state
ρ =
µ+ χ′
2λ
, (21)
0 = φ∗χ′ −Aφ, (22)
0= −µ+ χ
′
2λ
+ ρc +∑
k
(
(k + χ
′) (1 + 2n(ωk))
2ωk
− 1
2
)
. (23)
50=
A
λ
− ρc −A
∑
k
(
1 + 2n(ωk)
2ωk
− 1
2k
)
. (24)
In the BEC phase, we use the U(1) symmetry to choose the
expectation value of φ to be real and equal to
√
ρc with ρc
being the condensate density.
The leading-order large-N theory has two phases: Above
T > Tc it gives a normal phase, where the condensate φ = 0
but the composite field χ > 0 playing the role of the chem-
ical potential. Below Tc it is a broken symmetry phase cor-
responding to BEC, where the condensate φ > 0 and χ =
0 [14]. The LOAF theory, on the other hand, predicts three
possible phases: At high T it is a normal phase, where both
the condensate φ and the anomalous density A vanish. The
composite field χ′ > 0 is related to the chemical potential.
Below Tc it is a broken symmetry (BEC) phase with φ > 0
and A > 0. The composite field χ is related to A according
to Eq. (22). Interestingly, there is an intermediate-temperature
superfluid phase in the regime Tc < T < T ∗, where the con-
densate vanishes φ = 0 but the anomalous density remains
finite, A > 0. The finiteA gives rise to a finite superfluid den-
sity as derived in Ref. [13]. In the intermediate-temperature
superfluid regime, the two composite fields χ andA are differ-
ent and need to be determined from a set of coupled equations.
C. Leading-order Tc shift
As mentioned before, the leading-order Tc shift of a trapped
Bose gas has been evaluated in Refs [11] using the Popov
approximation with the LDA. To compare with the exper-
imental results in Ref. [10], we introduce the thermal de
Broglie wavelength of a trapped noninteracting Bose gas with
the same total particle number N at its critical temperature,
λ0 =
√
2pi~2
mkBT 0c
. The leading order in the Popov approxima-
tion is then
δTc
T 0c
= −3.4260 a
λ0
. (25)
For the leading-order large-N theory, the dispersion above
Tc is ωk(r) = k2 + χ(r), where χ(r) = λρ(r)− µ(r). When
compared to the dispersion of the Popov approximation, the
dispersion is almost identical if λ in the Popov approximation
is replaced by λ/2. This substitution leads to the Tc shift in
the leading-order large-N theory as
δTc
T 0c
= −1.7130 a
λ0
. (26)
In the LOAF theory, the two critical temperatures T ∗ and
Tc merge in the weakly interacting regime [13]. Therefore,
for analytic calculations we use the shift of T ∗ as a proxy
to estimate the Tc shift of a trapped gas in the weak interac-
tion regime. From the discussion of the LOAF theory in Ap-
pendix A 3, the local composite fields are χ′(r) = −µ(r) +
2λρ(r) by Eq. (17) andA(r) = 0 at T ∗, so Eq. (23) reduces to
ρ(r) =
∑
k n(ωk), where ωk(r) = k
2 +V (r) + 2λρ(r)−µ0.
This dispersion is identical to the Popov approximation to the
lowest order in the coupling constant [11]. Following a similar
calculation,
δTc
T 0c
= −3.4260 a
λ0
. (27)
Thus the leading order result of the LOAF theory agrees with
the Popov theory and experimental data [10, 11]. Our numer-
ical results using the LDA agree well with the leading-order
estimations presented here.
IV. LARGE-N BASED THEORIES FOR TRAPPED BOSE
GASES
The large-N based theories can be formulated with the
LDA, where the trap potential V (r) is grouped with the chem-
ical potential µ0 and the local chemical potential µ(r) =
µ0 − V (r) is introduced. Then we search for a solution con-
sistent with the profile of µ(r) with a given N . To find the
density profile ρ(r) from large-N based theories numerically,
the following procedures have been implemented. Since the
total particle number N and temperature T are given, one
needs to find the chemical potential µ0 satisfying Eq. (8).
This also implies that µ0 is a function of T and the coupling
constant. For harmonically trapped systems, the following
units are introduced. aH ≡
√
~
mω and E0 ≡ ~
2
2ma2H
. Then
λ0
aH
=
√
2pi
(
ζ(3)
N
)1/6
. This allows us to use the following
dimensionless quantities. kE0 = (kaH)
2, V (r)E0 =
(
r
aH
)2
,
and kBTE0 . Moreover, the (renormalized) coupling constant is
related to the two-body s-wave scattering length by
λ
E0a3H
= 8pi
a
aH
. (28)
A. Leading-order large-N theory with LDA
We begin with the leading-order large-N theory with the
LDA. At given T and a, µ0 should satisfy Eq. (8) with a den-
sity profile ρ(r) determined from the equations of state on a
grid discretizing the geometry. We have chosen the grid size
small enough that further reductions of the size do not change
our results. Initially, a trial value of µ0 is guessed and we find
the corresponding ρ(r). If BEC is present, we need to locate
the size of the condensate. This is equivalent to finding a crit-
ical radius rc where ρc(rc) = 0. At r = rc the condition
χ(rc) = ρc(rc) = 0 can be used in Eq. (17) and Eq. (19) to
obtain rc =
√
(µ0 −
(
mkBT
2pi~2
)3/2
ζ
(
3
2
)
λ)( 2mω2 ).
Once rc is located, the density profile ρ(r) can be con-
structed with the information of T and µ(r). If T < Tc, there
is a condensate within r < rc, whose condensate density can
be found from ρc(r) = ρ(r)− ρT (r). In this region χ(r) = 0
due to the BEC condition, so ρ(r) = µ(r)/λ by Eq. (17) and
Eq. (19) gives us ρT (r) =
(
kBT
4piE0
)
3/2ζ
(
3
2
)
a3H . Outside the
6condensate region (r > rc), ρc(r) = 0 and one can solve
Eq. (19) to obtain ρ(r). After ρ(r) in the whole trap is found,
µ0 can be evaluated by iteratively solving Eq. (8) by treating
µ0 as a function of N , T , and a.
Above Tc there is no condensate (ρc(r) = 0), and a similar
procedure leads to µ0 and ρ(r) as well. To find Tc, we tune
the temperature so that rc = 0. This is the temperature when
the condensate is about to emerge. The relation between Tc
and µ0(Tc) are fixed by the expression of rc = 0, and Tc can
be found by iteratively search for the solution that satisfies
Eq. (8) with given N and a.
B. LOAF theory with LDA
As mentioned before, the LOAF theory for a uniform inter-
acting Bose gas exhibits a richer phase diagram with three dis-
tinct phases. For a trapped Bose gas below Tc, there is a con-
densate at the center with ρc(r) > 0 and A(r) = χ(r) > 0.
The condensate vanishes at rc, where ρc(r ≥ rc) = 0 but
A(rc) can still be finite. The anomalous density vanishes at
r = r∗, and outside r∗ the system is normal with ρc(r) = 0
and A(r) = 0.
To find the density profile and µ0 with given N , T , and
a, we solve Eq. (8) iteratively with the following procedures.
The initial value of µ0 is guessed and we map out the corre-
sponding ρ(r). Next we need to locate rc where ρc(rc) = 0.
From A(rc) = χ(rc) and ρ(rc) = 0, Eq. (24) and Eq. (23) al-
low us to determine χ(rc) and µ(rc). Then rc can be inferred
from µ0 − µ(rc). When r > rc, the anomalous density A(r)
should decay to zero at r = r∗. Using A(r → r∗) → 0 in
Eq. (24), one can find χ(r∗), which can be used in Eq. (23) to
find µ(r∗). Then r∗ is inferred from µ0 − µ(r∗).
After determining rc and r∗, we can map out the whole
density profile. To find ρ(r) in the condensate region, we set
A(r) = χ(r) with a finite ρc(r). Multiplying Eq. (23) by λ
and subtracting Eq. (24) lead to an equation for χ(r). After
solving for χ(r), we can get ρ(r) from Eq (21) with µ(r) and
χ(r). In the region between rc and r∗, A(r) and χ(r) are
found by solving Eq. (23) and Eq. (24) simultaneously. Once
χ(r) is found, ρ(r) is again obtained by Eq. (21). Outside
r∗, A(r) = 0 and only Eq. (23) needs to be solved, which
will give us χ(r) and thus ρ(r). After ρ(r) is obtained in all
regions, µ0 is solved iteratively by Eq. (8), where the integral
is split over different regions determined by rc and r∗.
The critical temperature corresponds to a density profile
with rc = 0 when the condensate at the center is about to
emerge. The condition rc = 0 fixes the relation between
Tc and µ0 at the center by Eq. (24) with ρc(rc) = 0 and
χ(rc) = A(rc), and we only need to find r∗ and the whole
density profile. Then by solving Eq. (8) iteratively we obtain
Tc from the LOAF theory with the LDA.
V. RESULTS AND DISCUSSIONS
Since the thermodynamic limit has been taken in each slice
of the LDA, the number-fixing procedure, Eq. (8), serves to
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Figure 1. (Color online) Leading-order large-N theory with the
LDA. (Left) Density profile with a/aH = 0.1 and T/Tc = 0.5.
Here ρ0 is the density at the trap center. The inset shows the lo-
cal chemical potential. (Right) Tc shift (black solid line) with a fit
(red dashed line). The functional form is shown in Eq. (29). Here
λ0
aH
=
√
2pi
(
ζ(3)
N
)1/6
with N = 1000.
fix the units. In our calculations we set N = 1000, which
corresponds to λ0aH = 0.8173. By choosing a different value
of N and scaling the units accordingly, the coefficients in the
expression of Tc shift remain the same.
Using the experimental data from Ref. [8] and subtracting
finite-size effects, Ref. [35] showed a Tc-shift curve as a func-
tion of a/λ0. Only linear and quadratic terms are used over the
range of experimental data and corrections from the logarith-
mic term suggested in Ref. [28] was not found. We follow the
clue and did not include the logarithmic term when extracting
the functional form of our results.
The Tc shift from the leading-order large-N theory with the
LDA is presented in Figure 1. The curve is almost linear with
a/λ0 and has a very small curvature. A fitting of the curve
gives
δTc
T 0c
= −1.71 a
λ0
+ 4.55
(
a
λ0
)2
. (29)
When compared to the experimental data from Ref. [10], the
coefficient of the leading-order term is only half of the experi-
mental value and the coefficient of the next-order term is even
farther away.
The Tc shift from the LOAF theory with the LDA is shown
in Figure 2. The density profile exhibit a density discontinuity
at the boundary of superfluid and normal phases, and we will
comment on this behavior later on. For the weakly interacting
regime, a fitting of the Tc shift gives
δTc
T 0c
= −3.42 a
λ0
+ 52.00
(
a
λ0
)2
. (30)
When compared to the expression extracted from the experi-
mental data of Ref. [10], we found excellent agreements for
the leading-order as well as the next-order terms. Due to dif-
ficulties of formulating mean-field theories of trapped inter-
acting Bose gases, to our knowledge a theoretical evaluation
of the quadratic term in the Tc shift has not been available.
The LOAF theory with the LDA thus may serve as a manage-
able mean-field theory for describing the Tc shift of trapped
interacting Bose gases.
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Figure 2. (Color online) LOAF theory with LDA. (a) and (c) show
the trap profiles of the density and condensate at T/Tc = 0.9 for
a/aH = 0.0025 and a/aH = 0.04. The corresponding local chem-
ical potentials are shown in (b) and (d), respectively. Discontinu-
ities are observable at the boundary separating superfluid and normal
phases. (e) Tc shift (black solid line) with a fit (red dashed line). The
functional form is shown in Eq. (30). Here N = 1000.
A summary of the coefficients of Tc shift from large-N
based theories and the experimental data of Ref. [10] is given
in Table I. One can see that by introducing the anomalous
density A = λ〈φφ〉 originally incorporated in the Bogoli-
ubov theory, the predictions of the Tc shift improve substan-
tially from the leading-order large-N theory to the LOAF the-
ory. When compared to previous theoretical studies using the
Popov theory [11] allowing for an extraction of the leading-
term coefficient, the large-N base theories allow us to fit the
functional form of the Tc shift with higher orders and analyze
the trap density profiles. Moreover, the agreement between
the LOAF theory and experimental data from Ref. [10] does
not require the logarithmic term from Ref. [28].
A. Incompatible behavior of LOAF theory with LDA
As shown in Fig. 2, the LOAF theory with the LDA ex-
hibits an observable density discontinuity between the super-
b1 b2
Leading-order large-N -1.71 4.55
LOAF - 3.42 52.00
Phenomenological model - 3.38 30.35
Experiment [10] −3.5± 0.3 46± 5
Table I. Comparsion of theoretical and experimental results. The Tc
shift has the form δTc
T0c
= b1
a
λ0
+ b2
(
a
λ0
)2
. The phenomenological
model predicts a cubic term with a coefficient −152.5. Choosing
different values ofN only scales the units, and the coefficients shown
here do not change.
fluid and normal phases. The discontinuity increases as a
increases. We caution that, although density discontinuities
were also found in the Popov theory with the LDA [7], the
origins of the discontinuities are very different. For the Popov
theory, a discontinuous first-order transition already emerges
in a homogeneous interacting Bose gas [4, 7, 12]. In contrast,
the LOAF theory predicts a smooth second-order transition for
homogeneous interacting Bose gases [10]. The discontinuity
in the trap profile of the LOAF theory comes from incom-
patibility of the theory with the LDA requiring µ(r) to de-
crease quadratically in a harmonic trap. The incompatibility
will be elaborated, and here we emphasize that the leading-
order large-N theory does not suffer from any density dis-
continuity even in the stronger interaction regime (illustrated
in Figure 1), but its predictions of the Tc shift do not agree
quantitatively with the experimental data of Ref. [10] as sum-
marized in Table I.
The density discontinuity of the LOAF theory can be ana-
lyzed as follows. For r ≥ rc, ρc = 0 in Eq. (24). Thus, at rc
and r∗ the following equation has to be satisfied with different
energy dispersions.
1 = λ
∑
k
(
1 + 2n(ωk)
2ωk
− 1
2k
)
. (31)
The dispersion at r = rc is ωkc =
√
k(k + 2χ′c) with χ
′
c
denoting the value of χ′ at rc. At r = r∗, ω∗k = k + χ
′∗ with
χ′∗ denoting the value of χ′ at r∗. If χ′c is less than χ
′∗, ω∗k
will be greater than ωkc for any k, so Eq. (31) cannot be sat-
isfied by both dispersions. This problem can be circumvented
by making ω∗k less than ωkc at small k so that Eq. (31) can be
satisfied by both dispersions. This requires χ′c to be greater
than χ∗k. However, if λρ(r) does not decrease fast enough as
r increases, χ′(r) = −(µ0 − 12mω2r2) + 2λρ(r) may be an
increasing function. When it happens, r∗ > rc does not exist.
One solution is to force the LDA form of µ(r) and connect
the superfluid and normal phases similar to the Maxwell con-
struction. Then the solution exhibits a jump of A(r) to zero at
rc. Such a discontinuity in A(r) then cause a discontinuity in
the density profile according to Eq. (21), which is observable
in Fig. 2 (c). The incompatibility with the LDA is also hinted
by the behavior of µ as a function of T . In the LOAF the-
ory of homogeneous Bose gases, µ(T ) can be non-monotonic
as T increases [12]. However, for a trapped Bose gas in the
LDA, the local chemical potential µ(r) = µ0 − 12mω2r2
8should decrease quadratically as r increases. Since the par-
ticle density decreases with r and the local temperature scale
T (r) is determined by the local density, the temperature ra-
tio T/T (r) increases with r. Therefore, when the interaction
is too strong and µ(T ) exhibits prominent non-monotonicity,
the LOAF theory cannot be pieced together in the LDA. We
remark that the leading-order large-N theory does not have
such incompatibility with the LDA.
B. Phenomenological model
The incompatibility of the LOAF theory with the LDA
leads us to contemplate possible alternatives. One may re-
derive the whole theory in real space with inhomogeneity. The
fields are no longer uniform and the equations of state will be
coupled differential equations. Solving the equations is not
only numerically demanding, but also loses transparency in
explaining the underlying physics. Here we explore a phe-
nomenological alternative by requiring that the local anoma-
lous density A(r), instead of the local chemical potential
µ(r), decays with a quadratic form. Explicitly, the condition
A(r) = A0−E0(r/aH)2 is imposed and the anomalous den-
sity at the trap center, A0, needs to be solved iteratively.
To obtain the density profile and corresponding chemical
potential, A0 is guessed initially and we use A(r) to map
out ρ(r). Since A(r) has to vanish at r = r∗, we have
r∗/aH =
√
A0/E0. To find rc, we first find A(rc) by
solving Eq. (24) at rc with χ(rc) = A(rc). Then rc is
found by rc/aH =
√
A0 −A(rc). Moreover, at rc one has
χ(rc) = A(rc) > 0, so rc cannot be greater than r∗. In
the region r < rc, χ(r) = A(r) and µ(r) is obtained by
multiplying Eq. (23) by λ and subtracting Eq. (24). Then
the resulting equation can be solved to give χ(r). In the re-
gion rc < r < r∗, χ(r) is obtained by solving Eq. (24)
and then Eq. (23) is used to obtain µ(r). For r∗ < r,
A(r) = 0 and we use the LDA for local chemical potential
µ(r) = µ(r∗) − E0 ((r − r∗) /aH)2 to finish the computa-
tion. Outside r∗, χ(r) is obtained by solving Eq. (23). After
χ(r) and µ(r) are found in all regions, ρ(r) can be inferred by
Eq. (21). Then A0 is found by iteratively solving Eq. (8) with
given T and a.
As shown in Figure 3 (a)-(d), both the density profile and
local chemical potential of the phenomenological model are
continuous in the whole trap. However, the local chemical po-
tential clearly exhibits a deviation from the conventional LDA.
To contrast the difference, the red dotted line shows an extrap-
olation according to the LDA with µ(r) = µ20 − E0(r/aH)2,
where µ0 is calculated to match the chemical potential of this
phenomenological model outside r∗. The non-monotonic lo-
cal chemical potential as a function of r confirms the incom-
patibility of the LOAF theory with the LDA, and with a simple
reformulation of the local anomalous density A(r) we restore
continuity to the trapped system.
Figure 3 further illustrates the phenomenological model for
different interaction strength close to Tc. Apparently, the de-
viation from the conventional LDA becomes more prominent
as the interaction increases. The deviation is understandable
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Figure 3. (Color online) The phenomenological model discussed
in Sec. V B. (a) and (c): Density profiles for a/aH = 0.01 with
T = 0.9Tc and for a/aH = 0.1 with T = 0.9Tc, respectively.
Note that Tc shifts with interaction. The condensate density ρc and
total density ρ are normalized by the density at the trap center, ρ0.
The corresponding local chemical potentials are shown in (b) and
(d), respectively. The black solid lines are µ(r) obtained from the
phenomenological model and the red dotted lines are extrapolations
using the LDA. Here N = 1000. (e) Tc shift (black solid line) and a
fit (red dashed line). The functional form is shown in Eq. (32).
because interactions should lead to corrections of the chemical
potential in a many-body system, and the simple assumption
of grouping µ and the trapping potential V (r) at the bare level
may no longer hold. We caution that the model with an LDA
form of A(r) is purely phenomenological, and a full treat-
ment of the LOAF theory with inhomogeneous fields using
numerical methods will eventually replace the phenomenolog-
ical model and the LDA.
The Tc shift predicted by the phenomenological model is
shown in Fig. 3 (e). In contrast to the LOAF theory with the
LDA, we did not find any density jump in the trap profile of
the phenomenological model. By fitting the curve in a broader
range of interaction strength, we found the functional form of
the Tc shift as
δTc
T 0c
= −3.382 a
λ0
+ 30.35
(
a
λ0
)2
− 152.5
(
a
λ0
)3
. (32)
The coefficient of the cubic term serves as a prediction
9for future experimental measurements in stronger interaction
regime.
VI. CONCLUSION
Two large-N based theories, the leading-order large-N the-
ory and the LOAF theory, implemented with the LDA capture
interesting physics of the Tc shift of harmonically trapped in-
teracting Bose gases. The leading-order large-N theory pro-
duces continuous trap profiles in weak and intermediate in-
teraction regimes, but quantitative comparisons with available
experimental data do not agree quantitatively. On the other
hand, the LOAF theory with the LDA predicts a functional
form with higher-order corrections agreeing well with experi-
mental data. The LOAF theory also signals beyond-LDA be-
havior in the trap profile. The proposed phenomenological
model based on the LOAF theory may serve as a useful patch
for studying trapped Bose gases when a full analysis of inho-
mogeneous fields remains a great challenge.
We thank Fred Cooper and Kevin Mitchell for stimulating
discussions.
Appendix A: Details of large-N based theories
1. Calculation of Tr ln G¯−10
To evaluate the Tr ln G¯−10 term in the effective action, we
define I(s) as
I(s)≡ 1
2
∫
d4x
∫
d3k
(2pi)
3
T
∑
n
log
(
ω2n + ω
2
k + s
)
, (A1)
where ωn = 2npi/β is the bosonic Matsubara frequency and
ωk is the energy dispersion. It can be shown that I(0) =
1
2Tr
[
ln
(
G¯−10
)]
[36, 37]. Then,
∂I(s)
∂s
=
1
2
∫
d4x
∫
d3k
(2pi)
3T
∑
n
1
ω2n + ω
2
k + s
=
1
2
∫
d4x
∫
d3k
(2pi)
3T∮
1
((2piTz)2 + ω2k + s) (e
2piiz − 1) (A2)
where the contour encircles the real axis counterclockwise.
We deform the contour on the upper complex plane to en-
circle the upper half complex plane and the contour on the
lower complex plane to encircle the lower half complex plane,
both clockwise. Taking the residues on the imaginary axis,
2piTz = ±i√ω2k + s, one obtains
∂I(s)
∂s
=
1
2
∫
d4x
∫
d3k
(2pi)
3 1√
ω2k + s
 1
e
√
ω2
k
+s
T − 1
+
1
2
 . (A3)
Here we have taken care of the minus sign due to the clock-
wise contours. Integrating it back and setting s = 0, we arrive
at (apart from a constant)
I(0) =
1
2
∫
d4x
∫
d3k
(2pi)
3
(
T ln
(
1− e−ωkT
)
+
1
2
ωk
)
.
(A4)
2. Renormalization of Veff
Here we follow Ref. [14] to renormalize Veff of leading-
order large-N theory. The renormalized coupling constant
can be defined as
1
λR
= − δVeff
δαδα
. (A5)
For the leading-order large-N theory, δVeffδαδα = − 1λ+ (reg-
ular terms). Thus, the renormalized coupling constant can
be identified as the bare coupling constant. This lead to
λR = (4pi~2a/m), where a is the two-body s-wave scattering
length [1]. By inspecting the classical part −∂Veff∂χ |χ=0 = µλ ,
the renormalized chemical potential µR is given by
− ∂Veff
∂χ
=
µR
λ
=
µ
λ
−
∑
k
1
2
. (A6)
The renormalized effective potential is
VR,eff = VR,0 +
∑
k
ln
(
1− e−βωk)
β
− (µR + χ)
2
2λ
+ χφ∗φ,
(A7)
where VR,0 is an infinite constant that absorbs the zero-point
energy and may be dropped. We define αR = µR + χ, too.
3. Derivation of the LOAF theory
Here we briefly review the LOAF theory by skipping the
derivation with N copies of the fields and just presenting
the leading-order 1/N theory with N set to 1. The detailed
derivation can be found in Refs. [12, 32]. In the LOAF theory,
we introduce two auxiliary fields χ and A representing the
normal and anomalous densities. They can be introduced by
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inserting the following identity into the partition function (9).
1=
∫
DχDADA∗
δ
(
χ−
√
2λφ∗φ
)
δ
(
A− λφ2) δ (A∗ − λ (φ∗)2)
= C′
∫
DχDχ˜DADA˜DA∗DA˜∗
e
χ˜(χ−
√
2λφ∗φ)
λ e
A˜∗(A−λφ2)
λ e
A˜(A∗−λ(φ∗)2)
λ . (A8)
Here C′ is a normalization factor, and the contour of integra-
tion follows the description below Eq. (13). Then the quartic
term in φ can be replaced by
1
2
λ (φ∗φ)2=
1
2
(
2λ (φ∗φ)2 − λ (φ∗)2 φ2
)
=
1
2
(
2λ
(
χ√
2λ
)2
− λAA
∗
λλ
)
. (A9)
With the quartic terms replaced, the action becomes
∫
[dx](
1
2
ΦG¯−10 Φ−
µχ√
2λ
+
χ2
2λ
− AA
∗
2λ
− J†Φ
− χ˜χ
λ
− A˜
∗A
λ
− A˜A
∗
λ
− sχ− S∗A− SA∗), (A10)
where s, S, and S∗ are the source terms for the auxiliary
fields, and G¯−10 = G˜
−1
0 +
( √
2χ˜ 2A˜∗
2A˜
√
2χ˜
)
. Here G˜−10 =
diag( ∂∂τ − ∇
2
2m ,− ∂∂τ − ∇
2
2m ). Performing the φ integral, the
effective action becomes
Seff=
1
2
Tr
[
ln
(
G¯−10
)]
+
∫
[dx]
(
−1
2
J†G¯0J − µχ√
2λ
+
χ2
2λ
−
AA∗
2λ
− χ˜χ
λ
− A˜
∗A
λ
− A˜A
∗
λ
− sχ− S∗A− SA∗
)
.(A11)
To obtain the effective potential, we apply a Legendre trans-
form and replace J in terms of φc and φ∗c by using J =
∫
[dx]G¯−10 Φc. This leads to the grand potential
Γ=
∫
[dx](ΦcJ
† + sχc + S∗Ac + SA∗c) + Seff
=
1
2
Tr
[
ln
(
G¯−10
)]
+
∫
[dx]
(
Φ†G¯−10 Φ−
µχ√
2λ
+
χ2
2λ
−
AA∗
2λ
− χ˜χ
λ
− A˜
∗A
λ
− A˜A
∗
λ
)
. (A12)
In the following we drop the subscript c denoting the expecta-
tion values.
The equilibrium state corresponds to the theory at the min-
imum of Γ. Thus,
δΓ
δχ
= 0⇒ χ˜ = χ− µ√
2
. (A13)
δΓ
δA∗
= 0⇒ A˜ = −A
2
. (A14)
δΓ
δA
= 0⇒ A˜∗ = −A
∗
2
. (A15)
At the minimum, Γ has the expression
Γ =
∫
[dx](Φ†G¯−10 Φ−
χ2
2λ
+
AA∗
2λ
) +
1
2
Tr
[
ln
(
G¯−10
)]
,
(A16)
where
G¯−10 =
(
∂τ − ∇22m + χ′ −A∗
−A −∂τ − ∇22m + χ′
)
. (A17)
Here χ′ =
√
2χ − µ. Following Appendix A 1, for homoge-
neous static fields we obtain
1
2
Tr
[
ln
(
G¯−10
)]
=
∫
[dx]
∑
k
[
T ln
(
1− e−ωkT
)
+
ωk
2
]
,
(A18)
where ωk =
√
(k + χ′) 2 −AA∗ and the dispersion is gap-
less in the presence of BEC. For homogeneous and static
fields, the effective potential Veff = Γ/(βΩ) becomes
Veff= χ
′φ∗φ− 1
2
A∗ (φ∗)2 − Aφ
2
2
− (χ
′ + µ)2
4λ
+
AA∗
2λ
+∑
k
(ωk
2
+ T ln
(
1− e−ωkT
))
. (A19)
The ultraviolet divergence of Veff can be renormalized in the
normal and BEC phases, while in the intermediate superfluid
phase it can be regularized. The regularization smoothly in-
terpolates the two renormalizations at high and low tempera-
tures. Following the procedures described in Refs. [12, 32],
the effective potential after the renormalization and regular-
ization is shown in Eq. (18). Then minimizing Veff with re-
spect to the fields and implementing standard thermodynamic
relations lead to the equations of state shown in Eqs. (21)-(24).
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